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ABSTRACT
We study the use of local consistency methods as reductions be-

tween constraint satisfaction problems (CSPs), and promise version

thereof, with the aim to classify these reductions in a similar way as

the algebraic approach classifies gadget reductions between CSPs.

This research is motivated by the requirement of more expressive

reductions in the scope of promise CSPs. While gadget reductions

are enough to provide all necessary hardness in the scope of (fi-

nite domain) non-promise CSP, in promise CSPs a wider class of

reductions needs to be used.

We provide a general framework of reductions, which we call

consistency reductions, that covers most (if not all) reductions re-

cently used for proving NP-hardness of promise CSPs. We prove

some basic properties of these reductions, and provide the first

steps towards understanding the power of consistency reductions

by characterizing a fragment associated to arc-consistency in terms

of polymorphisms of the template. In addition to showing hard-

ness, consistency reductions can also be used to provide feasible

algorithms by reducing to a fixed tractable (promise) CSP, for exam-

ple, to solving systems of affine equations. In this direction, among

other results, we describe the well-known Sherali–Adams hierarchy

for CSP in terms of a consistency reduction to linear programming.
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1 INTRODUCTION
Is it possible to find a mathematical invariant that characterises

when one computational problem reduces to another by a polyno-

mial-time (Karp) reduction? This question is far beyond our current

understanding as it would imply a characterisation of polynomial-

time solvable problems, possibly resolving the P vs. NP problem.

The present paper is a contribution to the effort to provide a partial

answer to this question by characterising certain well-structured
efficient reductions between structured problems.

A characterisation of a subclass of log-space reductions between

constraint satisfaction problems (CSPs) is the core of a theory re-

ferred to as the algebraic approach to the CSP. The development of

this theory started with the work of Jeavons, Cohen, and Gyssens

[35]; Bulatov, Jeavons, and Krokhin [19], and after 20 years of active

research provided the celebrated dichotomy theorem proven by Bu-

latov [20] and Zhuk [53] after being conjectured by Feder and Vardi

[29]. The scope of the theory and the dichotomy theorem are finite-

template CSPs. Finite-template CSPs can be formulated as deciding

whether there is a homomorphism from a given structure to a fixed

finite (relational) structure (called template), or alternatively as de-

ciding whether the template satisfies a primitive-positive sentence;

the atoms occurring in this sentence are called constraints. By vary-

ing the template one can encode a large family of computational

problems, including SAT (and its variants), graph 𝑘-colouring, or

solving systems of linear equations over a finite field. Many of these

problems naturally arise in various settings. A general theorem [19]

characterises when one such problem can be reduced to another

using a simple gadget reduction by the means of the polymorphisms
of the template (see also Theorem 2.4 below). In the context of CSPs
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and this paper, gadget reductions are those reductions that replace

each constraint of the input instance with a ‘gadget’ consisting of

several constraints over the output language (see Section 2.3). This

is a special case of a more general concept in complexity theory

where one only requires that every bit of the output depends on a

bounded number of bits of the input. The dichotomy theorem can

be formulated as follows: For each finite template, either its CSP

can be proven to beNP-complete via a gadget reduction from graph

3-colouring [19], or there is a polynomial time algorithm solving it

[20; 53].

The motivation of the present paper stems from two failures

of gadget reductions. Firstly, their inability to sufficiently explain

the tractability side of the dichotomy; we would like to see that all

tractable CSPs (assuming P ≠ NP) reduce to a small class of prob-

lems that are tractable for an obvious reason (e.g., solving systems

of linear equations over finite fields). This is not the case for gadget

reductions, and a lot of effort has been put into understanding the

hardest (w.r.t. gadget reductions) tractable CSPs (see, e.g., Barto,

Brady, Bulatov, Kozik, and Zhuk [6], or Barto, Bodor, Kozik, Mottet,

and Pinsker [5]). In this paper, we suggest an alternative approach

that might make this work unnecessary.

Secondly, gadget reductions fail to explain NP-hardness in a

slightly more general setting of promise constraint satisfaction prob-
lems. In the promise version of the problem, each instance comes

with two versions of each constraint, a stronger and a weaker one.
The goal is then decide between two (disjoint, but not complemen-

tary) cases: all stronger constraints can be satisfied, or not even the

weaker constraints can be satisfied. A prominent problem described

in this scope is approximate graph colouring which asks, e.g., to

decide between graphs that are 3-colourable and those that are

not even 6-colourable. More formally, a template of a promise CSP

consists of a pair of structures, such that the first structure maps ho-

momorphically to the second. The goal is to decide, given as input

a third structure, whether the input maps homomorphically to the

first structure of the template, or it does not map homomorphically

even to the second. A systematic study of promise CSPs has been

started by Austrin, Guruswami, and Håstad [3] where a certain pro-

mise version of SAT was considered, and continued in a series of

papers including generalisations of the algebraic approach by Brak-

ensiek and Guruswami [16] and Barto, Bulín, Krokhin, and Opršal

[7]. In particular, [7] characterises gadget reductions in terms of

(generalised) polymorphisms in a similar way as [19] characterises

gadget reductions in the scope of (classic) CSPs (see Theorem 2.4

for a formal statement). Many of the NP-hardness results in the

promise setting [e.g., 27; 34; 3; 38; 30; 52; 18; 4; 43] cannot be ad-

equately explained by gadget reductions. These hardness results

usually rely on variations of the PCP theorem of Arora and Safra

[1] which is better suited for a different, more analytical, approxi-

mation version of CSPs. Indeed, new reductions for promise CSPs

have been called for by Barto, Bulín, Krokhin, and Opršal [7], and

by Barto and Kozik [10]. The goal is to find a class of reductions

that would explain all of these hardness results, and subsequently

extend the hardness to other interesting promise CSPs, e.g., the

approximate graph colouring.

Our contributions
The primary objective of the present paper is to offer a novel per-

spective on the complexity landscape of CSPs and promise CSPs that

is focused on reductions rather than algorithms or algebraic hard-

ness conditions. We aim to identify a class of efficient reductions

that addresses both the tractability side of CSPs and the hardness

side of promise CSPs. To this end, the suggested class of reductions

should have the following properties:

• robustness, informally meaning that the notion of reduction

remains invariant under minor variations in its definition.

• expressiveness, that is, it should significantly extend the ca-

pabilities of gadget reductions.

• characterisability, meaning that it must be possible to charac-

terise, in some terms similar to the algebraic characterisation

of gadget reductions, whether a given (promise) CSP reduces

to another given (promise) CSP.

We introduce a new general class of reductions between (pro-

mise) CSPs, referred to as 𝑘-consistency reductions or Datalog∪

reductions, and supplement it with several results that showcase

the robustness and expressiveness of this family of reductions. Fur-

thermore, we take initial steps towards its characterisability. A fully

fledged theory for 𝑘-consistency reductions would have several

overreaching consequences and, hence, it falls beyond the scope of

the present paper, which aims solely to initiate it.

Robustness. There are two key properties of a robust class of re-

ductions in the scope of (promise) CSPs: monotonicity with respect

to the homomorphism preorder, which we require in order to pre-

serve the structure of the problem, and closure under composition,
which is a natural requirement that is essential in order to chain

reductions together. Most of the reductions used in the scope of

promise CSPs are monotone, but not all compose; in particular, the

reductions provided by Barto and Kozik [10] do not compose (see

Example 3.8).

First, we describe our suggested class of reductions as logical

interpretations in a monotone fragment of the fixed-point logic,

namely in the logic of Datalog programs endowed with an opera-

tor that allows to take a disjoint union of relations. We call them

Datalog∪ reductions.
It is relatively easy to show that this reduction has the first two

properties. In particular, we show that Datalog
∪
reductions com-

pose (Theorem 3.7). Moreover, we show that Datalog
∪
reductions

encapsulate gadget reductions, which is a generalisation of a re-

sult of Atserias, Bulatov, and Dawar [2, Theorem 5] to the promise

setting, although we use disjoint unions instead of parameters.

Theorem 1 (Theorem 3.9 informally). Every gadget reduction
is expressible as a Datalog∪ reduction up to homomorphic equivalence.

Secondly, we provide a combinatorial counterpart of Datalog
∪

reductions. This alternative construction has two ingredients: gad-

get reductions and the local consistency algorithm for (promise)

CSP. Local consistency is ubiquitous in constraint programming

(see for example [46]). Intuitively, the consistency algorithm (with

a parameter 𝑘) iteratively adds all newly implied constraints that

can be derived by simultaneously considering 𝑘 variables. From

a theoretical standpoint, it has been more common to consider a

decision version (which we call consistency test) that merely outputs
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(a) gadget reductions (b) Datalog∪ reductions (c) polynomial-time reductions

Figure 1: Boolean CSPs ordered by three classes of reductions with examples of problems belonging to some classes.

‘no’ if the set of derived constraints contains an unsatisfiable con-

straint and ‘yes’ otherwise. More specifically, several papers have

investigated which CSPs are solvable by such algorithms, leading

to a complete characterisation in the non-promise case by Barto

and Kozik [9]. Datalog programs, too, can be used to solve (pro-

mise) CSPs by turning them into a decision algorithm choosing a

nullary goal predicate. It was soon established by Kolaitis and Vardi

[37] that the consistency test and Datalog programs have the same

power in solving non-promise CSPs. This equivalence extends to

the promise setting (set A to be the union of positive and negative

instances, and 𝐵 to be the first structure of the template in the

statement of [37, Theorem 4.8]).

Getting back to reductions, we refer to the combination of a gad-

get reduction and the local consistency algorithm with parameter

𝑘 as the 𝑘-consistency reduction. We show that, indeed, consistency

reductions and Datalog reductions have the same power.

Theorem 2 (Theorem 3.12 informally). A promise CSP reduces
to a second promise CSP via a Datalog∪ reduction if and only if it
reduces via the 𝑘-consistency reduction.

Alternatively, the preceding theorem can be viewed as an exten-

sion of the well-known equivalence between the decision versions

of consistency and Datalog to the realm of reductions. The proof,

however, faces two primary technical challenges. Firstly, we are

dealing here with the full-fledged version (instead of the Boolean

version) of consistency and Datalog. And, more importantly, it is

additionally necessary to understand how Datalog interpretations

interact with gadget reductions.

Expressiveness. We present several examples illustrating that 𝑘-

consistency reductions effectively tackle, at least to some extent,

the aforementioned shortcomings of gadget reductions.

Firstly, it is conceivable and consistent with our current under-

standing of the complexity of promise CSPs, that a promise CSP

is NP-hard if and only if it allows a 𝑘-consistency reduction from

an NP-hard CSP, e.g., graph 3-colouring. For example, it is rela-

tively easy to check that the reductions of Barto and Kozik [10]

are covered by 𝑘-consistency reductions, and consequently many

results about NP-hardness of promise CSPs can be explained by

a 𝑘-consistency reduction including the hardness of 5 colouring

3-colourable graphs [7] and the NP-hardness in [27; 3; 38; 30; 4; 43].

Furthermore, the reduction used byWrochna and Živný [52] to pro-

vide NP-hardness of colouring 𝑘-colourable graphs with
( 𝑘
⌊𝑘/2⌋

)
− 1

colours is a Datalog
∪
reduction from approximate graph colouring

which is NP-hard by a previous result of Huang [34]. The result

of Huang is one of the few exceptions; we currently do not know

whether it can be also explained by a 𝑘-consistency reduction from

graph 3-colouring.

Second, several well-known hierarchies of relaxation algorithms

for promise CSPs fall within our framework. A comprehensive look

at hierarchies is given in Section 4 where we describe several hierar-

chies in terms of 𝑘-consistency reductions to a fixed problem. This

includes the bounded width hierarchy (i.e., the hierarchy of promise

CSPs expressible by Datalog), and the Sherali–Adams hierarchy of

linear programming for promise CSPs. Furthermore, we show that

the Sherali–Adams hierarchy of (promise) CSPs coincides with the

hierarchy of (promise) CSPs reducible to linear programming by

a 𝑘-consistency reduction (Theorem 4.3). A different framework

to study hierarchies of relaxations of algorithms was recently in-

troduced by Ciardo and Živný [24]. The Ciardo-Živný hierarchy is

always subsumed by the hierarchy of 𝑘-consistency reductions to a

fixed problem, and in some cases, e.g., the Sherali–Adams hierarchy,

both hierarchies align perfectly.

Since consistency reductions contain, as a particular case, gadget

reductions, it follows that any class of (promise) CSPs closed under

consistency reductions can be, at least theoretically, described in

terms of polymorphisms. This is a very desirable feature as poly-

morphisms lie at the heart of the algebraic approach. As a direct

consequence of our findings it follows that both the class of promise

CSPs solvable by the consistency test and the class of promise CSPs

solvable by some level of the Sherali–Adams relaxation are closed

under gadget reductions. While the former result had previously

been established [7, Lemma 7.5], the latter result, in its full gen-

erality, is new. Prior to our work it had only been known for the

particular case of non-promise CSPs where it can be derived by

combining the results of Thapper and Živný [49] and Barto and

Kozik [9].

Finally, we get to the tractability side of CSPs. In the Boolean

case (i.e., for templates with two elements) it is known that every

tractable CSP is reducible via a gadget reduction to one of three

fundamental tractable problems (HornSAT, 2SAT, and XOR-SAT)
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[47; 14]. If we replace gadget reductions by Datalog
∪
reductions

then every tractable Boolean CSP can be reduced to a single problem,

namely, solving systems of linear equations over Z2 (XOR-SAT). See
also Figure 1 comparing gadget, Datalog

∪
, and general polynomial-

time reductions on Boolean CSPs.
1

However, a finite-template tractable CSP does not necessarily

reduce to XOR-SAT via a Datalog
∪
reduction (when template is

allowed to have more than two elements). Yet, this seems to be

caused by the fact that that the problem has the ability to ‘express’

equations modulo a prime different from 2. This leads us to be-

lieve that a finite-template tractable CSP can perhaps reduce via a

Datalog
∪
reduction to solving systems of linear equations over Z𝑛

for some integer 𝑛 (which is divisible by all the primes 𝑝 such that

equations mod 𝑝 are ‘expressible’ by the problem). Given that, in

turn, this problem reduces via a Datalog
∪
reduction to solving sys-

tems of linear equations over integers, we put forth the following

conjecture, supported by evidence presented in Section 4.

Conjecture 1 (Conjecture 4.10). Every finite template CSP
either allows a Datalog∪ reduction from 3-colouring (and hence it is
NP-hard), or is reducible to solving systems of affine equations over Z
via a Datalog∪ reduction (and hence it is in P).

The CSPs that are conjectured to be NP-hard in the above con-

jecture include all CSPs hard under the Bulatov–Zhuk dichotomy

(since gadget reductions are subsumed by Datalog
∪
reductions due

to Theorem 1). Naturally, this implies that the two classes coin-

cide unless P = NP. A direct proof (without assuming P ≠ NP)
that every CSP allowing a Datalog

∪
reduction from 3-colouring

also allows a gadget reduction from 3-colouring is not known. We

have decided to express the dichotomy using Datalog
∪
reductions

instead of gadget reductions because this formulation generalizes

better to promise CSPs: It is consistent with our knowledge that the

hardness condition given in the conjecture covers all NP-complete

finite-template promise CSPs, while there are NP-hard promise

CSPs (e.g., 5-colouring 3-colourable graphs) whose hardness can

be shown via a Datalog
∪
reduction but not via a gadget reduction

from 3-colouring. Likewise, the tractability side of our conjecture

gives an algorithm which generalises in a straight-forward way to

promise CSPs unlike the algorithms of Bulatov and Zhuk.

Characterisability. We describe a characterisation of a special case

of 𝑘-consistency reduction, referred to as arc-consistency reduction
(which is obtained by replacing the 𝑘-consistency algorithm in the

𝑘-consistency reduction by a weaker arc-consistency), in terms of a

certain transformation 𝜔 (see Definition 5.4) of polymorphisms of
the templates (see, e.g., [7, Section 2.2] for the necessary standard

definitions).

Theorem 3 (Theorem 5.5 informally). A promise CSP with
polymorphisms A reduces to a promise CSP with polymorphisms
B via the arc-consistency reduction if and only if there is a ‘weak’
minion homomorphism 𝜔 (B) → A .

In comparison, the above-mentioned theorem of Barto, Bulín,

Krokhin, and Opršal [7] claims that there is a gadget reduction

1
Fig. 1a is due to Bodirsky and Vucaj [14]; and Fig. 1c is due to Bulatov [20] and Zhuk

[53] and assumes P ≠ NP.

between the two problems if and only if there is a minion homo-

morphism B → A .

We note that a different characterisation of the arc-consistency

reduction was recently provided by Mottet [42, Theorem 12].

Organisation of the paper
We present basic definitions and notation in Section 2. This is fol-

lowed by the definition of our framework and formulation of the

basic theorems of our theory in Section 3. Section 4 describes several

hierarchies in terms of 𝑘-consistency reductions, and discusses evi-

dence for our conjecture about tractability of finite-template CSPs.

In Section 5, we describe the characterisation of the arc-consistency

reduction. And finally, in Section 6, we outline a few directions for

future research, and possible applications of the theory developed

in the present paper.

Detailed proofs of the claims made here, and several additional

examples can be found in the appendix of the full version of this

paper [25]. The cited version is organised analogously to this paper;

in particular the content of the main part of [25] coincides with

this paper.

2 PRELIMINARIES
Many of the constructions described in this paper can be defined

using several different languages, e.g., an instance of a CSP can

be viewed as a list of constraints, a logical formula, or a relational

structure. In this paper, the structural perspective takes precedence.

Sets are generally denoted by capital letters, and integers by

lower-case letters. We often do not explicitly specify that such

symbols represent sets, or integers when it is clear from the context,

e.g., when the symbol appears in an index. We denote by [𝑛] the
set of the first 𝑛 positive integers, and by𝐴𝑋 the set of all functions

𝑓 : 𝑋 → 𝐴. We use the notation 𝜋−1 (𝑦) for the set of preimages of

𝑦 under 𝜋 , i.e., the set {𝑥 ∈ 𝑋 | 𝜋 (𝑥) = 𝑦}. We will denote entries

in a tuple 𝑎 by lower indices, i.e., 𝑎 = (𝑎1, . . . , 𝑎𝑘 ), and occasionally

view a tuple 𝑎 ∈ 𝐴𝑘 as a function 𝑎 : [𝑘] → 𝐴. The identity map on

𝑋 is denoted by 1𝑋 .

2.1 Constraint satisfaction problems
To settle on the playing field, we formally define the constraint

satisfaction problem (CSP), and its promise variant. We refer to

Barto, Krokhin, and Willard [11] for a deeper exposition of the

algebraic theory of CSPs, and to Krokhin and Opršal [39] for more

background and examples of promise CSPs. We use the standard no-

tation and definitions for promise CSPs as in Barto, Bulín, Krokhin,

and Opršal [7].

The uniform CSP is a decision problem whose instance con-

sists of variables 𝑣,𝑤, . . . each of which is allowed to attain values

from some domain and constraints, each of which involves several

variables. The goal is to decide whether there is an assignment of

values to variables that simultaneously satisfies all constraints. In

the present paper, we are concerned with fixed-template CSP which

restricts the possible constraints in the input. This is formalised

as a homomorphism problem between relational structures where

the target structure is fixed. To allow for different domains for dis-

tinct variables we allow structures to be typed (multisorted). The

multisorted framework does not increase the complexity of the
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proofs, merely the complexity of notation. Moreover, as noted in

[10, Section B.4], it provides a natural setting for the theory since it

places (layered) label cover problem, whose promise version is used

as an intermediate step in reductions (both in this paper and in the

algebraic characterisation of gadget reductions [7, Theorem 3.12]),

into the framework of CSPs. In addition, several of the key concepts

introduced here (e.g., the extension of Datalog with disjoint unions)

are more naturally expressed in the multisorted setting.

Definition 2.1. A (multisorted) relational signature consists of a set
of types (sorts) {𝑡, 𝑠, . . . } and a set of relational symbols {𝑅, 𝑆, . . . },
where each symbol has a fixed arity which is formally a tuple of

types. We denote this tuple by ar𝑅, ar𝑆 , . . . , and often say simply

that 𝑅 is of arity 𝑘 where 𝑘 is the length of ar𝑅 .

A relational structure A of such a signature is a tuple

A = (𝐴𝑡 , 𝐴𝑠 , . . . ;𝑅A, 𝑆A, . . . )

where 𝐴𝑡 , 𝐴𝑠 , etc. are sets and 𝑅
A
, 𝑆A, etc. are relations on these

sets of the corresponding arity, e.g., 𝑅A ⊆ 𝐴
ar𝑅 (1) × · · · ×𝐴ar𝑅 (𝑘 )

assuming that ar𝑅 has length 𝑘 .

Wewill usually assume that both the signature and the structures

are finite, i.e., the signature contains only finitely many types and

symbols, and all of the sets 𝐴𝑡 , etc. are finite. We call any 𝑎 ∈ 𝐴𝑡 an
element of A of type 𝑡 (we use sort and type interchangeably), and

we do not consider two elements of A to be equal unless they have

the same type. For example, if A has two domains 𝐴𝑡 = 𝐴𝑠 = {0, 1},
we will view it as a structure with four elements. We will write

𝑥 ∈ A for ‘𝑥 is an element of A’. All structures in this paper are

typed relational structures, and signature of such structures is given

implicitly.

A homomorphism between two structures is a mapping that maps

elements of one structure to elements of the second structure that

preserves types and all relations. A necessary requirement for a

homomorphism to exist is that both structures have the same signa-

ture. Formally, a homomorphism from a structure A to a structure

B is a collection 𝑓 of maps 𝑓𝑡 : 𝐴𝑡 → 𝐵𝑡 , one for each type 𝑡 , such

that for each relational symbol 𝑅 and (𝑎1, . . . , 𝑎𝑘 ) ∈ 𝑅A, we have

(𝑓
ar𝑅 (1) (𝑎1), . . . , 𝑓ar𝑅 (𝑘 ) (𝑎𝑘 )) ∈ 𝑅

B .

We write 𝑓 (𝑎) instead of 𝑓𝑡 (𝑎) if the type 𝑡 of 𝑎 is clear from the

context, we write 𝑓 : A→ B if 𝑓 is a homomorphism, and A→ B
if such a homomorphism exists.

The (typed) constraint satisfaction problem with template A is a

decision problemwhose goal is: given a structureX, decide whether
X → A. We denote this problem by CSP(A). Before we define

promise CSP, recall that a promise problem is a generalisation of a

decision problem where the yes and no instances form disjoint, but

not necessarily complementary, sets.

Definition 2.2. A pair of structures A, A′ with A→ A′ is called
a promise template. We assume that A in a promise template is

finite unless explicitly specified otherwise. Given such a template, a

(typed) promise constraint satisfaction problem is a promise problem

whose goal is, on an input X which is a structure (of the same

signature), to output yes if X → A, and no if X ̸→ A′ (since
A→ A′, these two cases are disjoint). We denote this problem by

PCSP(A,A′).

A constraint of an instance X of PCSP(A,A′) is an expression

of the form (𝑣1, . . . , 𝑣𝑘 ) ∈ 𝑅X which we formally view as a pair

((𝑣1, . . . , 𝑣𝑘 ), 𝑅) where 𝑣1, . . . , 𝑣𝑘 are elements of 𝑋 and 𝑅 is a re-

lational symbol such that the expression is satisfied. The tuple

(𝑣1, . . . , 𝑣𝑘 ) is called the scope of the constraint.
Alternatively, one could define a promise CSP as a promise search

problem where the goal would be, given X that is promised to map

to A via a homomorphism, to find a homomorphism X→ A′. It is
currently not known whether these two versions of promise CSPs

are of equivalent complexity. This paper focuses on the decision

version of promise CSP, although a few results (mostly with some

caveats) apply also to the search version. Finally, note that CSP(A)
is PCSP(A,A), and therefore every result about promise CSPs is

applicable to CSPs.

Finally, we will denote by B𝑋 the 𝑋 -fold power of a structure B,
i.e., a structure whose 𝑡-th domain is 𝐵𝑋𝑡 for each type 𝑡 , and the

relations are defined as follows: (𝑏1, . . . , 𝑏𝑘 ) ∈ 𝑅B
𝑋
if and only if

(𝑏1 (𝑖), . . . , 𝑏𝑘 (𝑖)) ∈ 𝑅B for all 𝑖 ∈ 𝑋 .

2.2 Reductions
In this paper we deal with the simplest form of a reduction between

promise problems. By a reduction we mean a (usually efficiently

computable) function between the instances of the two problems

which maps positive instances to positive instances and negative

instances to negative instances. In the case of promise CSPs, a

reduction from PCSP(A,A′) to PCSP(B,B′) is amapping𝜓 between

the corresponding categories of structures such that (1) if X→ A
then𝜓 (X) → B, and (2) if X ̸→ A′ then𝜓 (X) ̸→ B′. The item (1)

is usually referred to as completeness, and the item (2) as soundness.
We will usually use and prove the soundness in its converse form:

if𝜓 (X) → B′ then X→ A′.2

Reductions are more general than algorithms: every decision

algorithm can be viewed as a reduction to a problem with two

admissible instances yes and no where yes is the positive instance.
We express this problem as a ‘trivial CSP’ whose template is a

structure in a very degenerate signature Ω which allows only two

structures: Ω has no types and has a single nullary relational symbol

𝐶 . There are only two Ω-structures: ⊥ and ⊤. The structure ⊥ is

defined as the structure with empty nullary relation, and ⊤ is the

structure with the non-empty nullary relation.

Definition 2.3. The trivial CSP is the CSP with template ⊥. Note
that ⊥ is a positive instance of this CSP (since ⊥ → ⊥), and ⊤ is a

negative instance (since ⊤ ̸→ ⊥).
We assume that all (promise) CSPs considered in this paper have

negative instances — this can be always ensured by adding a nullary

constraint that cannot be satisfied.

2.3 Gadget reductions
Gadget reductions are the more traditional reductions in the realm

of finite-template CSPs and promise CSPs. They have been classified

by the algebraic approach. We refer to Krokhin, Opršal, Wrochna,

and Živný [40, Section 4.1] for a detailed exposition.

2
In the case of a reduction between the search version of (promise) CSPs, it would be

necessary to additionally require that this converse is witnessed by an efficiently com-

putable function that, given a homomorphism𝜓 (X) → B′ , outputs a homomorphism

X→ A′ .
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A gadget replacement is a transformation of a Π-structure X to a

Σ-structure 𝛾 (X) that replaces every element 𝑣 ∈ X by a fixed Π-
structure that only depends on the type of 𝑣 , and replaces every con-

straint (𝑣1, . . . , 𝑣𝑘 ) ∈ 𝑅X by another Σ-structure that only depends

on the relation 𝑅 identifying some of the vertices of this gadget

with the elements of the gadgets introduced by replacing 𝑣1, . . . , 𝑣𝑘
(see also [39, Definition 2.9]).

3
If such a gadget replacement yields

a reduction, we call it a gadget reduction. Gadget reductions are
characterised using polymorphisms and minion homomorphisms [7,
Definition 2.15] (see also Definitions 5.2 and 5.3).

Theorem 2.4 (Barto, Bulín, Krokhin, and Opršal [7, Theo-

rem 3.1]). PCSP(A,A′) reduces to PCSP(B,B′) by a gadget reduc-
tion if and only if there is a minion homomorphism Pol(B,B′) →
Pol(A,A′).

The gadget reduction provided by the above theorem in presence

of a minion homomorphism between the polymorphisms of the

templates is called a universal gadget reduction (it should be noted

that the reduction depends on the structures A and B).

3 LOCAL CONSISTENCY REDUCTIONS
In this section, we define the class of Datalog

∪
and consistency

reductions, we discuss some basic properties of these reductions,

and provide formal statements of Theorems 1 and 2. We define the

reductions from the logical perspective, followed by the combina-

torial version and the equivalence of both definitions.

3.1 Logical reductions
We first describe the class of reductions we consider in this paper

in terms of logic, or more precisely Datalog. Since our signatures

are multisorted this means that all logic formulae need to respect

the types: We assume that every variable 𝑥1, 𝑥2, . . . has an associ-

ated type and define an atomic Π-formula (where Π is a relational

signature) to be (1) 𝑅(𝑥1, . . . , 𝑥𝑛) where 𝑅 is a Π-symbol, and the

type of 𝑥𝑖 is ar𝑅 (𝑖) for all 𝑖 ∈ [𝑘], or (2) an equality 𝑥1 = 𝑥2 where

𝑥1 and 𝑥2 are of the same type.

A Datalog program 𝜙 with input signature Π is constituted by

a relational signature Δ satisfying Π ⊆ Δ (meaning that it has the

same types as Π and each symbol of Π appears in Δ with the same

arity) along with a finite collection of rules that are traditionally

written in the form

𝑡0 ← 𝑡1, . . . , 𝑡𝑟

where 𝑡0, . . . , 𝑡𝑟 are atomic Δ-formulae. In such a rule 𝑡0 is called the

head and 𝑡1, . . . , 𝑡𝑟 the body of the rule. Moreover, we require that

neither the symbols in Π nor the equality appear in the head of any

rule. The symbols in Π are called input symbols, or EDBs (standing
for extensional database predicates, while all the other symbols

would be IDBs, intensional database predicates). Furthermore, one of

3
Gadgets and gadget replacements may be formalised elegantly in a categorical lan-

guage: We view a signature Π as a category whose objects are all types and all symbols

of Π, and contains a morphism 𝑝𝑖 : 𝑅 → ar𝑅 (𝑖 ) for each symbol 𝑅 of arity 𝑘 and

𝑖 ∈ [𝑘 ]. Hence a Π-structure can be viewed as a functor from Π to the category of sets.

A gadget is then a contravariant functor from Π to Σ-structures. Every such gadget

then defines a pair of adjoint functors (see, e.g., Pultr [45]); gadget replacement is the
left adjoint, and the right adjoint corresponds (up to homomorphic equivalence) to

pp-powers [7, see Definition 4.7].

the Δ-symbols is designed as output. 4 A Datalog program receives

as input a Π-structure A and produces a relation with the same

arity of the output predicate using standard fix-point semantics.

That is, let B be the Δ-structure computed in the following way.

(1) Start with setting 𝑅B = 𝑅A if 𝑅 ∈ Π and 𝑅B = ∅ otherwise.
(2) If there is a rule 𝑡0 ← 𝑡1, . . . , 𝑡𝑟 and some assignmentℎ : 𝑋 →

𝐴, where 𝑋 are the variables occurring in the rule, such

that the atomic predicates 𝑡1, . . . , 𝑡𝑟 hold in B after the sub-

stitution then include (ℎ(𝑥1), . . . , ℎ(𝑥𝑘 )) in 𝑅B where 𝑡0 =

𝑅(𝑥1, . . . , 𝑥𝑘 ). Repeat until we get to a fixed point.

(3) Output the relation 𝑅B ⊆ 𝐴
ar𝑅 (1) × · · · ×𝐴ar𝑅 (𝑘 ) where 𝑅 is

the output predicate.

We will denote the output of such a Datalog program by 𝜙 (A).
Commonly in the context of CSPs, the output of a Datalog program

is a nullary predicate, so that such a program outputs either true,
or false — we call such Datalog programs Datalog sentences. The
arity of a Datalog program is the arity of the output predicate, and

the width of a Datalog program is the maximal number of variables

in a rule.

We define Datalog interpretations as a particular case of logical
interpretations. This definition hinges on interpretation of Datalog

programs as logical formulae. More precisely, a Datalog program 𝜙

whose output is a relation with arity 𝑘 is seen as a formula with 𝑘

free variables, so thatA |= 𝜙 (𝑎1, . . . , 𝑎𝑘 ) if and only if (𝑎1, . . . , 𝑎𝑘 ) ∈
𝜙 (A).

Definition 3.1. Fix two relational signatures Σ and Π. A Data-
log interpretation 𝜙 mapping Π-structures to Σ-structures (usually
referred to as a Datalog interpretation of Σ into Π) consist of: a
Datalog program 𝜙𝑡 with input signature Π for each Σ-type 𝑡 , and a
Datalog program 𝜙𝑅 also with input signature Π for each Σ-symbol

𝑅, such that, for each symbol 𝑅 of arity 𝑘 , the arity of 𝜙𝑅 is the

concatenation of the arities of 𝜙
ar𝑅 (1) , . . . , 𝜙ar𝑅 (𝑘 ) . Such an inter-

pretation is said to be of width at most 𝑘 if all 𝜙𝑡 and 𝜙𝑅 are of width

at most 𝑘 .

The application of such a Datalog interpretation 𝜙 to a Π-struc-
ture A produces the Σ-structure

𝜙 (A) = (𝜙𝑡 (A), 𝜙𝑠 (A), . . . ;𝜙𝑅 (A), 𝜙𝑆 (A), . . . ),
where, for each Σ-symbol 𝑅, 𝜙𝑅 (A) is interpreted as a relation of

the required arity 𝑘 in the natural way, i.e., it consists of all tuples

((𝑎1, . . . , 𝑎 𝑗1 ), . . . , (𝑎 𝑗𝑘−1+1, . . . , 𝑎 𝑗𝑘 ))
∈ 𝜙

ar𝑅 (1) (A) × · · · × 𝜙ar𝑅 (𝑘 ) (A),
such that (𝑎1, . . . , 𝑎 𝑗𝑘 ) ∈ 𝜙𝑅 (A).

Unless there is a clash of notation (in which case we will specify

the output predicate explicitly) we shall be using𝐷𝑡 and 𝑅 as output

predicate of 𝜙𝑡 and 𝜙𝑅 respectively.

Since we do not allow parameters, nor inequality in Datalog in-

terpretations, we obtain monotone transformations in the following

sense.

Lemma 3.2. Let 𝜙 be a Datalog interpretation, and A and B struc-
tures. If A→ B, then 𝜙 (A) → 𝜙 (B).
4
In database theory, Datalog programs very often have several output predicates (and

define structures instead of relations). Such program can be viewed as a special case

of a Datalog interpretation which we define later.
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Datalog interpretations are powerful when used as reductions;

they can reduce a substantial class of CSPs, including 2SAT and

Horn-3SAT, to the trivial problem. More precisely, it can be ob-

served that PCSP(A,A′) reduces to CSP(⊥) by a Datalog reduction
if and only if it is expressible in Datalog, i.e., whenever there is a

Datalog sentence which is true in all negative instances, and false
in all positive instances of PCSP(A,A′). This is exemplified in the

following example.

Example 3.3 (2-colouring). We shall define a Datalog interpreta-

tion 𝜙 that provides a reduction CSP(K2) ≤ CSP(⊥). To define such
interpretation, we only need ot provide a nullary Datalog program

𝜙𝐶 which is based on a well-known program solving 2-colouring

(see, e.g., [37, p. 14]):

𝑃 (𝑥,𝑦) ← 𝐸 (𝑥,𝑦)
𝑃 (𝑥,𝑦) ← 𝐸 (𝑦, 𝑥)
𝑃 (𝑥,𝑦) ← 𝑃 (𝑥, 𝑧), 𝑃 (𝑧,𝑤), 𝑃 (𝑤,𝑦)

𝐶 ← 𝑃 (𝑥, 𝑥)
It is straightforward to check that 𝐶 is derived if and only if the

input graph has an odd cycle. Consequently, we get 𝜙 (G) = ⊤ if

and only if G is not 2-colourable. Since ⊤ is the negative instance

of CSP(⊥), this concludes that 𝜙 is a reduction between the two

problems.

Further examples of Datalog interpretations providing tractabil-

ity of some (promise) CSPs can be obtained through a framework

of Ciardo and Živný [24]; more precisely, it may be observed that

the tensor construction introduced in [24] can be also expressed as

a Datalog interpretation. For more details about tensor hierarchies,

see the full version [25, Appendix D.1].

Let us continue with an example of a reduction used to provide

NP-hardness of the approximate graph colouring.

Example 3.4 (Line digraph construction). The line digraph con-
struction 𝛿 , described below, was used by Wrochna and Živný [52]

to provide hardness of some cases of approximate graph colour-

ing. They obtained these results by iterating (i.e., composing) 𝛿

to reduce from PCSP(K𝑘 ,K
2
Ω (𝑘1/3 ) ) for large enough 𝑘 (known to

be NP-hard by a result of Huang [34]) to PCSP(K𝑘 ,K𝑏 (𝑘 ) ), where
𝑏 (𝑘) =

( 𝑘
⌊𝑘/2⌋

)
− 1, for all 𝑘 ≥ 4. This result improved the state-of-

the-art for all 𝑘 > 5 and matched it for 𝑘 = 5. The same reduction is

also used by Guruswami and Sandeep [32] to provide conditional

hardness of approximate graph colouring under 𝑑-to-1 conjecture,

and by Ciardo and Živný [23] to provide a negative result about

solvability of approximate graph colouring by a combination of

Sherali–Adams with affine integer programming.

The line digraph construction is a Datalog interpretation from

digraphs to digraphs that changes the domain of an input digraph.

It can be defined by a Datalog interpretation 𝛿 = (𝛿𝑉 ;𝛿𝐸 ) where
𝛿𝑉 is the program

𝑉 ′ (𝑥,𝑦) ← 𝐸 (𝑥,𝑦)
with output 𝑉 ′, and 𝛿𝐸 is the program

𝐸′ (𝑥,𝑦,𝑦, 𝑧) ← 𝐸 (𝑥,𝑦), 𝐸 (𝑦, 𝑧)
with output 𝐸′. The application on a digraphG then yields a digraph

𝛿 (G) whose vertices are edges of G, and two such ‘vertices’ are

connected by an edge if they are incident, i.e., of the form (𝑢, 𝑣)
and (𝑣,𝑤).

The monotone version of Datalog interpretations that we de-

fined above cannot fully emulate gadget reductions. In particular,

it cannot express taking disjoint unions of domains and relations.

Atserias, Bulatov, and Dawar [2] use parameters in Datalog inter-

pretations to express these disjoint unions up to a finite number

of exceptions — we note that allowing parameters (or inequality)

would yield reductions that are not monotone. Instead, we extend

Datalog interpretations with disjoint unions. Extending logical in-

terpretations to allow taking disjoint unions of definable relations is

not completely unusual (see, e.g., [15, Definition 3.1]). Here, we take

an advantage from the multisorted approach to provide a technical

solution that helps us to track that the relations are well-defined.

Definition 3.5. Assume thatΠ and Σ are two relational signatures.

A union gadget 𝜐 is defined by a pair of mappings (𝑑, 𝑟 ), where 𝑑
maps Π-types to Σ-types and 𝑟 maps Π-symbols to Σ-symbols, such

that for each Π-symbol 𝑅, we have ar𝑟 (𝑅) = 𝑑 ◦ ar𝑅 .
Such a union gadget can be then applied on a structure A with

disjoint domains
5
to produce a Σ-structure 𝜐 (A) whose 𝑡-th domain

is the (disjoint) union of 𝐴𝑖 ’s with 𝑑 (𝑖) = 𝑡 , and similarly, 𝑆𝜐 (A) =⋃
𝑅∈𝑟 −1 (𝑆 ) 𝑅

A
for each Σ-symbol 𝑆 .

It is not difficult to observe that disjoint unions are also express-

ible as gadget replacements.

Definition 3.6. A Datalog∪ reduction is a composition 𝜐 ◦𝜙 where

𝜐 is a union gadget and 𝜙 a Datalog interpretation. We write

PCSP(A,A′) ≤DL PCSP(B,B′)
if there exists a Datalog

∪
reduction between the two problems.

Note that a Datalog
∪
reduction between two single-sorted CSPs

may use amultisorted structure as an intermediate step even though

we are reducing between two single-sorted CSPs.

The fact that Datalog
∪
reductions compose follows from observ-

ing that Datalog interpretations compose, and that they can be

permuted with disjoint unions, which also compose. This makes

the relation ≤DL (on promise CSPs) transitive, and hence it defines

a preorder.

Theorem 3.7. Let 𝜙 and 𝜒 be two Datalog∪ reductions such that
the output signature of 𝜙 coincides with the input signature of 𝜒 .
Then there is a Datalog∪ reduction𝜓 such that𝜓 (A) and 𝜒𝜙 (A) are
isomorphic for all structures A.

Example 3.8. The 𝑘-reductions [39, see p. 48] used by Barto and

Kozik [10] do not compose unlike Datalog
∪
reductions. These

weaker reductions can be described briefly as a combination of

Datalog interpretations without recursion and gadget reductions.

We denote by P𝑛 the oriented path with 𝑛 edges, i.e., the digraph

({0, . . . , 𝑛}; {(𝑖, 𝑖 + 1) | 𝑖 < 𝑛}). It can be observed that: (1) CSP(P2)
reduces to CSP(P1) by a gadget reduction which is a special case

of a 𝑘-reduction, (2) CSP(P1) reduces to CSP(⊥) by a 𝑘-reduction,

and (3) CSP(P2) does not reduce to CSP(⊥) by a 𝑘-reduction (this

is since CSP(P2) does not have finite duality [21, Definition 3]).

5
We can always enforce disjoint domains by replacing an element 𝑎 of type 𝑡 with a

pair (𝑎; 𝑡 ) .
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Clearly, every Datalog interpretation is a Datalog
∪
reduction

(compose with the trivial union gadget). We show that every gadget

replacement can be also expressed as a Datalog
∪
reduction up to

homomorphic equivalence.

Theorem 3.9. For every gadget 𝛾 there is a Datalog∪ reduction𝜓
such that, for all A, 𝛾 (A) and𝜓 (A) are homomorphically equivalent.

3.2 Combinatorial reductions
The combinatorial counterpart of Datalog

∪
reductions is based on

the local consistency algorithm for CSPs and the universal gadget

reduction. Consistency reductions are defined by the two templates

and a single parameter 𝑘 . Let us assume that we are trying to reduce

PCSP(A, ∗) to PCSP(B, ∗); the second part of the templates are

irrelevant for the definition of the reduction, but play an important

role for the soundness which we do not characterise here.

The 𝑘-consistency reduction is a combination of two procedures:

Enforcing 𝑘-consistency which is possibly the most intuitive ap-

proach to solving CSPs, and it is used in many CSPs algorithms

(including, e.g., Zhuk’s polynomial-time algorithm [53]), and the
universal gadget replacement which is based on a standard way to

reduce from label cover to CSP(B) using a gadget consisting of

powers of B (see, e.g., [7, Section 3.3]).

Let X and A be structures of the same signature and let 𝐾 ⊆ 𝑋 .
A partial homomorphism from 𝐾 to A is a mapping 𝑓 : 𝐾 → 𝐴 that

preserves types and relations, i.e., it satisfies the definition of a

homomorphism when all variables are quantified in 𝐾 instead of 𝑋 .

Intuitively, a partial homomorphism is simply a partial solution to

the instance defined on the given set 𝐾 . We denote by

( 𝑋
≤𝑘

)
the set

of all at most 𝑘-element subsets of 𝑋 .

Definition 3.10 (𝑘-consistency reduction). Let 𝑘 ≥ 1 and let A be a

Π-structure and B be a Σ-structure.6 The 𝑘-consistency reduction

maps every Π-structure X to a Σ-structure Y constructed by the

following procedure:

(1) For each 𝐾 ∈
( 𝑋
≤𝑘

)
, let F𝐾 be the set of all partial homomor-

phisms from 𝐾 to A.
(2) Ensure that for each 𝐿 ⊂ 𝐾 ∈

( 𝑋
≤𝑘

)
, the sets F𝐾 and F𝐿

are consistent, i.e., remove from F𝐿 all ℎ : 𝐿 → 𝐴 that do

not extend to a 𝑔 ∈ F𝐾 , and remove from F𝐾 all 𝑔 whose

restriction 𝑔 |𝐿 is not in F𝐿 .
(3) Repeat (2), while anything changes.

(4) For each 𝐾 ∈
( 𝑋
≤𝑘

)
, include in Y a copy of BF𝐾 whose ele-

ments are denoted by (𝐾 ;𝑏) where 𝑏 : F𝐾 → 𝐵.

(5) For each 𝐿 ⊆ 𝐾 ∈
( 𝑋
≤𝑘

)
and𝑏 : F𝐿 → 𝐵, identify the elements

(𝐾 ;𝑏 ◦ 𝜌) and (𝐿;𝑏) where 𝜌 : F𝐾 → 𝐹𝐿 is the restriction

𝜌 (𝑔) = 𝑔 |𝐿 .
We denote the output Y by 𝜅

A,B
𝑘
(X).

In a nutshell the𝑘-consistency reduction is a concatenation of the

𝑘-consistency algorithm (steps (1), (2), and (3)) and the universal

gadget reduction (steps (4) and (5)). Here, in steps (1), (2), and

(3) we are using the standard formulation of the 𝑘-consistency

algorithm as a winning strategy in the existential 𝑘-pebble game.

6
It is useful but not necessary to assume that 𝑘 ≥ 𝑚, where𝑚 is the maximal arity of

the relations of A, since the procedure below ignores all constraints of arity bigger

than 𝑘 .

Note that these steps can be turned into a decision algorithm for

CSPs by outputting no if one of the sets F𝐾 (and consequently each

of them) is empty, and outputting yes if all F𝐾 ’s are non-empty;

this coincides with [9, Algorithm 1 on p.5]. We shall refer to this

decision algorithm as the 𝑘-consistency test to distinguish it from

the 𝑘-consistency algorithm corresponding to the application of

steps (1), (2), and (3). In turn, they should not be confused with the 𝑘-

consistency reduction defined above. Steps (4) and (5) correspond to

the universal gadget reduction; these two steps are a standard way

of reducing from Label Cover to another CSP used in the algebraic

approach [7, Section 3.3].

Example 3.11. Barto and Kozik [10] provided a sufficient condi-

tion for the existence of an efficient reduction between two promise

CSPs, which is a weaker version of the 𝑘-consistency reduction.

Many known NP-hard promise CSPs can be explained by a reduc-

tion from graph 3-colouring using this sufficient condition. For

example, the approximate hypergraph colouring (first proved to be

NP-hard by Dinur, Regev, and Smyth [27]) allows a 𝑘-consistency

reduction from CSP(K3) as shown by Wrochna [50]. The same ap-

proach can also provide the NP-hardness results in [3; 38; 30; 52; 18].

We return to this sufficient condition in the full version [25, Appen-

dix C.2].

The main result of this section is that Datalog
∪
reductions and

consistency reductions have the same power in the scope of promise

CSPs. In fact we prove a refined version of the statement that relates

the parameters of the two reductions.

Theorem 3.12. Fix 𝑘 ≥ 1 and let A,A′ and B,B′ be two promise
templates. The following are equivalent:

(1) There exists a Datalog interpretation 𝜙 of width 𝑘 and a gad-
get 𝛾 such that 𝛾 ◦ 𝜙 is a reduction from PCSP(A,A′) to
PCSP(B,B′).

(2) PCSP(A,A′) ≤𝑘-cons PCSP(B,B′).

We prove the theorem by showing that the 𝑘-consistency reduc-

tion is essentially a composition of a canonical Datalog interpretation
and a universal gadget. This claim immediately gives one of the

two implications. The other implication is proved by showing that

both the canonical Datalog interpretation and the universal gadget

have a certain universal property. Loosely speaking, the canonical

Datalog interpretation of width 𝑘 can be used in place of any other

Datalog interpretation of width 𝑘 , and the universal gadget can be

used in place of any other gadget. This general idea has a lot of

subtle details that are dealt with in the technical part of the paper,

e.g., what if the output signatures of the Datalog interpretation

does not agree with the output signature of the canonical Datalog

program?

As a direct corollary of the above theorem, we get that 𝑘-con-

sistency reductions are equivalent to Datalog reductions in the

following sense.

Corollary 3.13. PCSP(A,A′) ≤DL PCSP(B,B′) if and only if
there exists 𝑘 ≥ 1 such that PCSP(A,A′) ≤𝑘-cons PCSP(B,B′).

Proof. By definition, every Datalog
∪
reduction is a composition

of a Datalog interpretation 𝜙 and a union gadget 𝜐, which is equiva-

lently expressed as a gadget reduction. Hence Theorem 3.12 applies
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for 𝑘 equal to the width of 𝜙 . Consequently, PCSP(A,A′) ≤𝑘-cons
PCSP(B,B′).

If we assume that PCSP(A,A′) ≤𝑘-cons PCSP(B,B′) for some

𝑘 ≥ 1, then the same theorem provides a Datalog interpretation 𝜙

and a gadget 𝛾 whose composition gives a reduction. Since both

𝜙 and 𝛾 are equivalent to Datalog
∪
reductions (the latter by Theo-

rem 3.9), we get that PCSP(A,A′) ≤DL PCSP(B,B′) by composition

(Theorem 3.7). □

Example 3.14. Building on Example 3.11, note that the NP-hard-
ness of PCSP(K3,K5) follows by a 𝑘-consistency reduction from

CSP(K3) since

CSP(K3) ≤𝑘-cons PCSP(H2,H17480) ≤DL PCSP(K3,K5)

where PCSP(H2,H17480) is the approximate hypergraph colouring

problem mentioned in Example 3.11. The first reduction is the one

described in Example 3.11 (it is expressible as a Datalog
∪
reduction

by the above corollary), and the second reduction is provided by a

combination of [7, Theorem 6.5] and Theorem 3.9. Consequently,

since Datalog
∪
reductions compose, we get that CSP(K3) ≤DL

CSP(K3,K5).
Naturally, we could ask for a concrete Datalog interpretation

(together with the associated union gadget) that provides the above

reduction. Such an interpretation is far from obvious: First, the

Datalog
∪
reduction from hypergraph colouring to graph colour-

ing is an unfolding of the gadget reduction provided by the alge-

braic approach, and hence quite complex to write down explic-

itly. Second, [10, Theorem 5.1] does not provide an explicit bound

on 𝑘 for the 𝑘-consistency reduction from graph colouring to hy-

pergraph colouring (although this bound could be reconstructed

from the proof). We also do not know what is the smallest 𝑘 , s.t.,

CSP(K3) ≤𝑘-cons CSP(K3,K5).

4 HIERARCHIES AND CSP ALGORITHMS
Several hierarchies of algorithms are studied for the tractability of

CSPs and promise CSPs. The most prominent are arguably the local

consistency hierarchy, the Sherali–Adams hierarchy [48], and the

Lasserre hierarchy of semi-definite programming relaxations. Fur-

thermore, Ciardo and Živný [24] introduced a framework to create

more hierarchies through a tensor construction. There is ongoing

research aiming to characterise which problems are solvable by

some level of such a hierarchy (e.g., Ciardo and Živný [23]).

In this section we provide an alternative look at these hierarchies

through the lenses of the 𝑘-consistency reduction. In particular,

we associate a hierarchy to every (promise) CSP, where the 𝑘-th

level of the hierarchy consists of all (promise) CSPs that reduce

to it by the 𝑘-consistency reduction. As we will show below, by

choosing adequately the initial (promise) CSP, we recover several

of the above hierarchies. In particular, the bounded width hierarchy

is the ‘consistency hierarchy’ associated to the trivial problem, and

the Sherali–Adams hierarchy is the ‘consistency hierarchy’ asso-

ciated to linear programming. One of the benefits of expressing

hierarchies in this way is that, by Theorems 3.9 and 3.7, we immedi-

ately get that the consistency hierarchy of a fixed problem is closed

under gadget reductions, which in particular means that there is a

possibility to describe membership in this hierarchy by the means

of polymorphisms. We note that this is not always clear for the

analogous tensor hierarchies. Finally, we consider new hierarchies

not previously studied, namely, the hierarchy associated to solving

systems of linear equations over integers, or over a finite (Abelian)

group.

In this section, we work with infinite template CSPs, e.g., we

express linear programming as a CSP with domain Q. This creates
some difficulties since, if B is an infinite structure in Definition 3.10,

then the output of the 𝑘-consistency reduction will be an infinite

instance as well. Nevertheless, if B is one of the infinite templates

considered in this section, it is always possible to produce an equiv-

alent, but finite, instance. We provide proofs of this statement for

each template separately in the corresponding subsection.

4.1 Bounded width
As a warm-up, we start with the hierarchy of promise CSPs with

bounded width. This hierarchy corresponds to the smallest (easiest)

class, w.r.t., Datalog
∪
reductions, of promise CSPs. In the above

sense, it can be described as the 𝑘-consistency hierarchy associ-

ated to the trivial problem CSP(⊥). Traditionally, the problems

belonging to this hierarchy are said to be of bounded width — a

(promise) CSP is said to be of width at most 𝑘 if the 𝑘-consistency

test solves the problem, or equivalently if it is expressible by a

Datalog sentence of width 𝑘 (as we mentioned before, the proof of

the corresponding theorem for standard CSPs by Kolaitis and Vardi

[37] applies to the promise setting). We show that this property is

also equivalent to having a 𝑘-consistency reduction to the trivial

problem.

Theorem 4.1. PCSP(A,A′) has width 𝑘 if and only if it reduces
to CSP(⊥) by the 𝑘-consistency reduction.

Proof. If PCSP(A,A′) is expressible by a Datalog formula of

width 𝑘 , there is Datalog interpretation 𝜙 of width 𝑘 that reduces

from PCSP(A,A′) to PCSP(⊥). Consequently, by Theorem 3.12, we

get the required 𝑘-consistency reduction.

If PCSP(A,A′) ≤𝑘-cons CSP(⊥) and X is accepted by the 𝑘-

consistency test, then 𝜅
A,⊥
𝑘
(X) = ⊥ since ⊥𝐷 = ⊥ for any 𝐷 ≠ ∅,

and hence there are no constraints. Consequently, we get that

X→ A′ by the soundness of the 𝑘-consistency reduction. □

While the previous result is somewhat expected there is more

than meets the eye as the statement implies that bounded width pro-

mise CSP problems are closed under gadget reductions. Although

this has been previously shown [7, Lemma 7.5], a direct proof re-

quires a bit of a case analysis.

We also note without a proof that this hierarchy corresponds to

the 𝑘-consistency hierarchy associated to Horn-SAT.

4.2 Sherali–Adams
There are several slightly different ways to define the Sherali–

Adams (SA) relaxation for CSPs and promise CSPs, e.g., [49; 24;

22; 8]. Although they might differ in minor technical details, they

are all based on the scheme introduced by Sherali and Adams [48]

to generate increasingly tight relaxations of a linear program. In all

cases, a CSP instance is turned into an instance of linear program-

ming whose tightness can be adjusted using a parameter 𝑘 .

Linear programming can be viewed as a fixed template CSP

though with infinite domain and infinitely many relations: Namely,
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the domain isQ,7 and the relations are all relations defined by affine

inequalities, e.g., of the form

𝑎1𝑥1 + · · · + 𝑎𝑛𝑥𝑛 ≤ 𝑏
for some 𝑎1, . . . , 𝑎𝑛, 𝑏 ∈ Q. In an instance of linear programming,

the relations are usually given as the tuples of their coefficients.

Nevertheless, all of these relations are in fact expressible (more

precisely, definable by a primitive positive formula) using the fol-

lowing three types of inequalities: 𝑥 ≤ 𝑦, 𝑥1 + 𝑥2 = 𝑦, and 𝑦 = 1.

With some care, the length of these primitive positive definitions

becomes proportionate to the binary encoding of the coefficients.

This means that up to some simple gadget reductions, we can define

the template of linear programming, denotedQconv, as the structure

with these three relations.

In this section we shall show that the Sherali–Adams hierarchy

coincides with the 𝑘-consistency hierarchy associated to Qconv.

While a weaker version of our results (where the hierarchies are

only required to interleave) holds for any natural variant of the SA

relaxation, we can additionally prove that both hierarchies align

perfectly if we choose it suitably. Our definition agrees with the

SA(𝑘, 𝑘) system of Thapper and Živný [49, Section 3.1] assuming

that 𝑘 is at least the maximal arity of the constraints.

In plain words, the goal of the 𝑘-th level of Sherali–Adams relax-

ation is to find a collection of probability distributions on partial

solutions on each of the subsets of variables of size at most 𝑘 that

have consistent marginals.

Definition 4.2 (𝑘-th level of Sherali–Adams relaxation). Fix 𝑘 ≥ 1

and a structure A. The 𝑘-th level of Sherali–Adams relaxation with

template A is the mapping that given a structure X of the same

signature as A produces a linear program in the following way:

For each 𝐾 ∈
( 𝑋
≤𝑘

)
, let F𝐾 be the set of all partial homomorphisms

from𝐾 toA. The 𝑘-th level of Sherali–Adams relaxation, denoted by

SA
𝑘 (X), is the following linear programwith variables 𝑥𝐾,𝑓 ∈ [0, 1]

for each 𝐾 ∈
( 𝑋
≤𝑘

)
and 𝑓 ∈ F𝐾 :∑︁

𝑓 ∈F𝐾
𝑥𝐾,𝑓 = 1 for each 𝐾 ∈

( 𝑋
≤𝑘

)
,∑︁

𝑓 ∈F𝐾 ,𝑓 |𝐿=𝑔
𝑥𝐾,𝑓 = 𝑥𝐿,𝑔 for each 𝐿 ⊂ 𝐾 ∈

( 𝑋
≤𝑘

)
, and 𝑔 ∈ F𝐿 .

Observe that SA
𝑘 (X) has a 0-1 solution if there is a homomor-

phismℎ : X→ A; assign𝑥 𝑓 ,𝐾 = 1 if 𝑓 = ℎ |𝐾 and𝑥 𝑓 ,𝐾 = 0 otherwise.

This observation provides completeness of the Sherali–Adams re-

laxation. We say that the 𝑘-th level of the Sherali–Adams relaxation

solves PCSP(A,A′) if it is also sound in the sense that if X ̸→ A′,
for some instance X of the promise CSP, then the SA

𝑘 (X) does
not have a feasible solution. Having settled on the definition, we

formulate the main theorem of this subsection.

Theorem 4.3. PCSP(A,A′) is solvable by the 𝑘-th level of the
Sherali–Adams relaxation if and only if it reduces to CSP(Qconv) by
the 𝑘-consistency reduction.

Let us briefly sketch the proof. The theorem is proven by a step-

by-step comparison of the 𝑘-consistency reduction and the SA
𝑘
.

7
Although maybe a more natural choice of the domain would be R, we prefer Q since

it is countable, and hence there is less discussion about encoding of coefficients and

solutions.

We first note that the system F𝐾 constructed in SA
𝑘
is precisely

equivalent to step (1) of the 𝑘-consistency procedure. We then

show that steps (2) and (3) of the 𝑘-consistency are not needed

since any solution to the linear program SA
𝑘
yields a consistent

system; indeed, it is not hard to check that if 𝑥𝐾,𝑓 is a solution to

SA
𝑘
, then

F ′𝐾 = {𝑓 ∈ F𝐾 | 𝑥𝐾,𝑓 > 0}
is a consistent system. This means that replacing F𝐾 in the con-

struction of the SA
𝑘
system with the sets obtained by enforcing

𝑘-consistency, i.e., at the end of step (3) of the procedure, does not

change the output of SA
𝑘
. Next, we show that we can replace the

equations in SA
𝑘
with the universal gadget for linear programming

(as in steps (4) and (5) of the 𝑘-consistency) without increasing (or

decreasing) the power of the relaxation, i.e., we show that SA
𝑘 (X)

has a feasible solution if and only if 𝜅
A,Qconv

𝑘
(X) → Qconv. For the

‘only if’ direction, we can construct, from a feasible solution of

SA
𝑘 (X), a homomorphism ℎ : 𝜅

A,Qconv

𝑘
(X) → Qconv by letting

ℎ( [𝐾 ;𝑞]) =
∑︁
𝑓 ∈F𝐾

𝑥 𝑓 ,𝐾𝑞(𝑓 ) (4.1)

where 𝐾 ∈
( 𝑋
≤𝑘

)
and 𝑞 : F𝐾 → Q. It is relatively straightforward

to check that ℎ is indeed a homomorphism. For the ‘if’ direction,

starting with a homomorphism ℎ : 𝜅
A,Qconv

𝑘
(X) → Qconv, we can

define a solution to the Sherali–Adams system by

𝑥𝐾,𝑓 = ℎ( [𝐾 ; 𝑒𝑓 ]) (4.2)

where 𝑒𝑓 : F𝐾 → Q is defined by 𝑒𝑓 (𝑓 ) = 1 and 𝑒𝑓 (𝑔) = 0 if 𝑔 ≠ 𝑓 .

Again, checking that the 𝑥𝐾,𝑓 ’s, thus defined, is a feasible solution

of SA
𝑘 (X) is rather straightforward.

In the detailed proof [25, Appendix D], we show a more general

statement that uses abstract properties of linear programming and

its polymorphisms rather than formalising the above argument

directly. This argument can be generalised to provide analogues of

Theorem 4.3 for other hierarchies. In particular, it can proven that

the hierarchy of a conic minion M [24, Definition 3.6] coincides

with𝑘-consistency hierarchy for the corresponding promise version

of label cover (i.e., the problem sometimes denoted by PMCM [7,

Definition 3.10]) assuming 𝑘 is greater or equal than the arity of

any relation of the template.

Example 4.4. Ciardo and Živný [23] prove that PCSP(K𝑐 ,K𝑑 )
cannot be solved by any level of a hierarchy of combined LP and

AIP for any 𝑑 ≥ 𝑐 ≥ 3 (which we call LP+AIP hierarchy). The
hierarchy was introduced by Brakensiek, Guruswami, Wrochna,

and Živný [17], and can be described as a tensor hierarchy of a

conic minion, and hence as a 𝑘-consistency hierarchy of a fixed

problem for which an analogue of Theorem 4.3 is valid.

The proof that approximate graph colouring is not solved by this

hierarchy relies on the line digraph reduction from Example 3.4.

First, Ciardo and Živný show that PCSP(K𝑐 ,K𝑑 ) is not solved by

the 𝑘-th level of the hierarchy for any 𝑐 ≥ (𝑘2 + 𝑘)/2 (we assume

𝑘 ≥ 2). Then they use the line digraph construction to reduce a

general case to this case.

The reduction from a general case can be explained using our

framework as follows: Observe that the line digraph construction 𝛿
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provides a reduction

PCSP(K𝑏 (𝑐 ) ,K𝑏 (𝑑 ) ) ≤DL PCSP(K𝑐 ,K𝑑 )

where 𝑏 (𝑛) =
( 𝑛
⌊𝑛/2⌋

)
[40, Lemma 4.16]. Furthermore, it is easy to

observe that for each Datalog interpretation 𝜙 of width 𝑘 , 𝜙 ◦ 𝛿 is
expressible as a Datalog interpretation of width 2𝑘 (by inspection

of our proof of Theorem 3.7). Hence, if PCSP(K𝑐 ,K𝑑 ) is solvable by
the 𝑘-th level of the hierarchy, then PCSP(K𝑏 (𝑐 ) ,K𝑏 (𝑑 ) ) is solvable
by the 2𝑘-th level of the hierarchy by Theorem 3.12. Chaining these

reductions, we obtain that if PCSP(K𝑐 ,K𝑑 ) is solvable by the 𝑘-th

level, then PCSP(K𝑏𝑛 (𝑐 ) ,K𝑏𝑛 (𝑑 ) ) is solvable by the 2
𝑛𝑘-th level.

Since 𝑏 increases exponentially (more precisely 𝑏 (𝑐) ≥ 2
𝑐/𝑐), we

eventually get that 𝑏𝑛 (𝑐) ≥ ((2𝑛𝑘)2 + 2𝑛𝑘)/2, and we may apply

that PCSP(K𝑏𝑛 (𝑐 ) ,K𝑏𝑛 (𝑑 ) ) is not solved by the 2𝑛𝑘-th level to finish
the prove.

Our argument applies to any hierarchy which can be described

using 𝑘-consistency reductions, which includes all tensor hierar-

chies of conic minions for which an argument is given in the full

version of [23]. We believe that the argument presented here is

simpler than the one presented in [23], and moreover, it still holds

if one replaces 𝛿 with any Datalog
∪
reduction (since the width of

the composition of two Datalog interpretations is always bounded

by the product of the widths).

Finally, we have the following immediate corollary of Theo-

rems 4.3, 3.9, and 3.12, which we believe has not been shown before

in the scope of promise CSPs. The analogous statement in the non-

promise setting follows from the characterisation of Sherali–Adams

for CSPs [9; 49]. Again, the same can be proven for any hierarchy

of a conic minion, and in particular for the Lasserre hierarchy.

Corollary 4.5. Let A,A′ and B,B′ be two promise templates
such that Pol(B,B′) → Pol(A,A′). If PCSP(B,B′) is solvable by
some level of Sherali–Adams hierarchy, then so is PCSP(A,A′).

An important consequence of the above corollary is that a char-

acterisation of the applicability of the Sherali–Adams algorithm in

the scope of promise CSPs could be theoretically described by an

algebraic condition on polymorphisms.

4.3 Hierarchies of groups
Solving systems of equations over a (finite) Abelian group is a well-

known CSP that cannot be solved by neither the 𝑘-consistency nor

the Sherali–Adams relaxations. We start with formally defining

group CSPs.
8

Definition 4.6. Let G be an Abelian group. We use CSP(G) to
denote the following problem: given a systems of equations of the

form

𝑎1𝑥1 + · · · + 𝑎𝑛𝑥𝑛 = 𝑏 (4.3)

where 𝑎1, . . . , 𝑎𝑛 ∈ Z and 𝑏 ∈ G, decide whether it has a feasible
solution. This problem can be formulated as the CSP with template

G whose domain is 𝐺 and relations are 𝑥1 + 𝑥2 = 𝑦 and 𝑦 = 𝑏

8
We note that what our definition of a group CSP differs from Berkholz and Grohe

[12; 13]; for Abelian groups this difference does notmatter, but the Berkholz–Grohe CSP

of a non-Abelian finite group is polynomial time solvable while ours is NP-complete

(see Goldmann and Russell [31]).

for each 𝑏 ∈ G. Moreover, it is enough to consider 𝑏 from a fixed

generating set
9
of G in the relations of the second form.

Similarly, if G is a finite non-Abelian group, we let CSP(G) to be
the CSP with template G defined in the same way as above (note

that the equational definition is more tricky in this case).

For simplicity, we restrict our investigations to cyclic groups. For

several reasons, little generality is loss due to this restriction. First,

solving systems of equations over a non-Abelian finite group G,
and hence CSP(G), is NP-complete. Further, every finite Abelian

group G is a product of cyclic groups, and finally, the infinite cyclic

group Z provides a uniform algorithm, the so-called basic affine

integer relaxation, for solving CSP(G) whereG is an Abelian group.

In particular, for every finite Abelian group G, CSP(G) is reducible
via a gadget reduction to CSP(Z) since G has an alternating poly-
morphism [7, Section 7.3].

In the rest of the section, we assume that G is a cyclic group

generated by an element denoted by 1 (i.e., it is either isomorphic to

the group Z𝑛 of addition modulo 𝑛 ∈ Z, or to Z itself). We introduce

the following relaxation.

Definition 4.7. (G-affine 𝑘-consistency relaxation) Fix 𝑘 ≥ 1 and

a structure A. The G-affine 𝑘-consistency relaxation with template

A is the mapping that, given a structure X of the same signature

as A, produces a system of equations over G in the following way:

Run the 𝑘-consistency to compute sets F𝐾 , i.e., execute steps (1),
(2), and (3) in Definition 3.10. Consider the same system of linear

equations as in Definition 4.2 except that the variables 𝑥𝐾,𝑓 are

now valued over G.

Recall that it can be decided in polynomial time whether the

resulting system of equations has a feasible solution. Also, it can

be easily verified that it has a feasible solution whenever there

is an homomorphism ℎ : X → A. In particular, the assignment

𝑥𝐾,ℎ |𝐾 = 1 extends to a solution of the system by assigning 0 to all

other variables.

The Z-affine 𝑘-consistency relaxations (for varying 𝑘) are similar

to relaxations considered by Berkholz and Grohe [13, see Section

2.2]; the system of Berkholz and Grohe is obtained by skipping con-

sistency enforcement, i.e., steps (2) and (3). Even weaker hierarchy

of AIP was consider by Ciardo and Živný [24].

The following lemma shows that the G-affine 𝑘-consistency

relaxation is equivalent to the 𝑘-consistency reduction to CSP(G).

Lemma 4.8. Let G be a cyclic group. The G-affine 𝑘-consistency
relaxation solves PCSP(A,A′) if and only if PCSP(A,A′) reduces to
CSP(G) by the 𝑘-consistency reduction.

Proof sketch. We only need to show that replacing the linear

system in Definition 4.7 by steps (4) and (5) of the 𝑘-consistency

reduction does not yield a more powerful reduction. This is argued

in a similar way as in the sketch of the proof of Theorem 4.3. Since

G is either Z𝑛 , or Z, we can assume a ring structure on G. This
allows us to use analogous definitions for ℎ and 𝑥 as in the case

of linear programming above, i.e., as in Equations (4.1) and (4.2)

replacing Q by G in both definitions. □

9
A set 𝐴 ⊆ 𝐺 is said to generate a group G if there is no proper subgroup of G that

contains𝐴.



LICS ’24, July 8–11, 2024, Tallinn, Estonia Víctor Dalmau and Jakub Opršal

Obstructions to consistency reductions and a conjecture. In this sub-

section we shall explore the role of group CSPs as ‘obstacles’ for

𝑘-consistency reductions. A seminal example is the fact that 𝑘-

consistency does not solve CSP(G) for any non-trivial finite Abelian
group G [29, Theorem 30], or equivalently, CSP(G) ̸≤DL CSP(⊥).
It then follows that, e.g., CSP(K3) ̸≤DL CSP(⊥) since, say, CSP(Z3)
reduces to CSP(K3) by a gadget reduction and Datalog

∪
reductions

are transitive by Theorem 3.7. The following proposition allows us

to push this approach a bit further.

Proposition 4.9. CSP(Z𝑝 ) ̸≤DL CSP(Z𝑞) for any primes 𝑝 ≠ 𝑞.

Proof. We start with a 𝑘-consistent but unsolvable instance X
of CSP(Z𝑝 ), i.e., with a system of equations modulo 𝑝 which is not

solvable, but is accepted by the 𝑘-consistency test. Such a system is

known to exist (see, e.g., [29; 2]). Observe that, after each step in the

𝑘-consistency procedure, the sets F𝐾 are always affine subspaces

of Z𝐾𝑝 (to begin with they are defined by linear equations, and in

each step, we intersect with a projection of another affine subspace).

Since the system is consistent, the subspaces are non-empty.

Further observe that the maps 𝜋 : F𝐾 → F𝐿 defined by restric-

tion to 𝐿 are affine, and hence the size of the preimage of an element

𝑓 ∈ F𝐿 under 𝜋 does not depend on 𝑓 — it only depends on the

dimension of the kernel of 𝜋 . Hence the uniform probability on F𝐾 ,
i.e., 𝜆 : F𝐾 → Q defined as 𝜆(𝑓 ) = 1/𝑝𝑑 where 𝑑 is the dimension

of F𝐾 , solves the corresponding Sherali–Adams linear program.

Since 𝑝 and 𝑞 are coprime, we can interpret the expression 1/𝑝𝑑
as an element of Z𝑞 . Consequently, this assignment is a feasible

solution of the Z𝑞-affine 𝑘-consistency relaxation with input X. □

We note that the above proposition could be also proved by using

the fact that CSP(Z𝑝 ) is not expressible in fixed-point logic with

modulo 𝑞 rank operators (see, e.g., Holm [33]). This alternative

approach has been communicated to us by Anuj Dawar [26] and

precedes the proof given here.

It follows from the previous proposition that CSP(K3) ̸≤DL
CSP(Z2). More generally, Ciardo and Živný [23] proved that, for

any 𝑐 ≥ 3 and 𝑘 ≥ 2, PCSP(K3,K𝑐 ) is not solved by the 𝑘-th level of

LP+AIP hierarchy, which implies that CSP(K3) ̸≤DL CSP(Z). Since
CSP(K3) allows a gadget reduction from any CSP with a finite tem-

plate, we can view this lack of a reduction as witnessed by CSP(G)
where G is not Abelian.

This suggests the following intriguing question: Could it be that

group CSPs constitute a complete set of obstructions for consis-
tency reductions between finite-template CSPs? More concretely, is

it true that for every finite structuresA and B, CSP(A) ≤DL CSP(B)
if and only if, for every finite group G, CSP(G) ≤DL CSP(A) im-

plies CSP(G) ≤DL CSP(B) or, alternatively, does every equivalence
class of finite-template CSPs up to consistency reductions contain

a group CSP? The positive verification in the particular case B = ⊥
is essentially the notorious bounded width conjecture of Larose

and Zádori [41] confirmed by Barto and Kozik [9]. Although ex-

tending this proof to all B is currently out of reach, we believe

that the answer will be affirmative. In particular, we conjecture the

following.

Conjecture 4.10. For every finite structureA, eitherCSP(G) ≤DL
CSP(A) for a non-Abelian finite group G, or CSP(A) ≤DL CSP(Z).

The conjecture has an important consequence. If true, it would

show that all tractable CSPs are solved by the Z-affine 𝑘-consistency

relaxation for some 𝑘 ≥ 1. Combining results of Section 3 and

known results it follows that this algorithm solves correctly all

CSPs solvable by the 𝑘-consistency algorithm as well as systems of

linear equations over a finite Abelian group, i.e., it solves the two

prime examples of tractable CSPs.

Let us note that another polynomial-time CSP algorithm coming

from the algebraic approach, few subpowers, does not compare

well with consistency reductions. In particular, the class of CSPs

having few subpowers (i.e., the class of CSPs that are solved by this

algorithm) contains all CSPs of Abelian groups, and hence infinitely

many problems that are incomparable by consistency reductions.

We believe that confirming (or disproving) the conjecture in the

case of CSPs with a Mal’cev polymorphism, which form a small

subclass of few subpowers, would likely lead us close to a complete

resolution.

We conclude by observing that several relaxation variants previ-

ously defined are at least as powerful as the Z-affine 𝑘-consistency

relaxation introduced here: the LP+AIP hierarchy [17], and cohomo-
logical 𝑘-consistency introduced by Ó Conghaile [44]. The power

of these relaxations is not yet well understood even in the case of

CSPs. For example, the comparison of the power of cohomological

𝑘-consistency with respect to the hierarchy of LP+AIP is not clear.

Our conjecture implies that all variants solve exactly the same CSPs,

namely, all tractable ones (assuming P ≠ NP).

5 CHARACTERISATION OF THE
ARC-CONSISTENCY REDUCTION

In this section, we characterise the applicability of a special case

of a Datalog
∪
reduction. Namely, a reduction that is obtained from

the 𝑘-consistency reduction by replacing enforcing 𝑘-consistency

with enforcing arc-consistency instead. This characterisation can be

used together with a result of Barto and Kozik [10] to obtain a new

sufficient condition for Datalog
∪
reductions [25, Appendix C.2].

We start with describing the reduction which is a combination

of enforcing arc-consistency and the universal gadget reduction.

Definition 5.1 (the arc-consistency reduction). Let A be a Π-struc-
ture, and B be a Σ-structure. The corresponding arc-consistency
reduction applied to a Π-structure X outputs a Σ-structure Y con-

structed as follows:

(1) For each variable 𝑣 ∈ 𝑋𝑡 of type 𝑡 , set F𝑣 = 𝐴𝑡 .
(2) Ensure that for each constraint (𝑣1, . . . , 𝑣𝑘 ) ∈ 𝑅X, the sets
F𝑣𝑖 are consistent, i.e., for each 𝑖 , update F𝑣𝑖 to be equal to

the 𝑖-th projection of 𝑅A ∩ (F𝑣1 × · · · × F𝑣𝑘 ).
(3) Repeat (2), while anything changes.

(4) For each 𝑣 ∈ 𝑋 , include in Y a copy of BF𝑣 whose elements

are denoted by (𝑣 ;𝑏) where 𝑏 : F𝑣 → 𝐵.

(5) For constraint (𝑣1, . . . , 𝑣𝑘 ) ∈ 𝑅X, include in Y a copy of BC𝑣,𝑅
where C𝑣,𝑅 = 𝑅A ∩ (F𝑣1 × · · · × F𝑣𝑘 ) whose elements are

denoted by ((𝑣, 𝑅);𝑏) where 𝑏 : C → 𝐵.

(6) For each constraint as above, each 𝑖 ∈ [𝑘], and 𝑏 : F𝑣𝑖 →
𝐵, identify the elements ((𝑣, 𝑅);𝑏 ◦ 𝜋𝑖 ) and (𝑣𝑖 ;𝑏) where
𝜋𝑖 : C𝑣,𝑅 → F𝑣𝑖 is the 𝑖-th projection.

We denote the resulting structure 𝜅
A,B
arc
(X).



Local consistency as a reduction between constraint satisfaction problems LICS ’24, July 8–11, 2024, Tallinn, Estonia

In order to formulate our main result in this section we recall

the basic definitions of the algebraic theory of promise CSPs [7,

Section 2]. In this paper we work with abstract minions, as opposed

to function minions defined in [7, Definition 2.20].

Definition 5.2. An (abstract) minion is a functor M from finite

sets to sets which preserves emptyness of sets. In detail, M is

a mapping that assigns to each finite set 𝑋 a set M (𝑋 )
, and to

each function 𝜋 : 𝑋 → 𝑌 between two finite sets 𝑋 , 𝑌 , a function

𝜋M
: M (𝑋 ) → M (𝑌 )

, such that 1
M
𝑋

= 1M (𝑋 ) (recall that 1𝑋

denotes the identity map on 𝑋 ), and 𝜋M ◦ 𝜎M = (𝜋 ◦ 𝜎)M for all

𝜋 and 𝜎 where the composition makes sense. Moreover, we require

that M (𝑋 ) = ∅ if and only if 𝑋 = ∅. When the minion is clear from

the context, we write 𝑓 𝜋 for 𝜋M (𝑓 ).
A minion homomorphism from M to N is a natural transforma-

tion 𝜉 : M → N , i.e., a collection of maps 𝜉𝑋 : M (𝑋 ) → N (𝑋 )
,

one for each finite set 𝑋 , such that 𝜋N ◦ 𝜉𝑋 = 𝜉𝑌 ◦ 𝜋M
for all

𝜋 : 𝑋 → 𝑌 .

A different view on a minion homomorphism is to see it as a

structure homomorphism where each minion is viewed as a typed

structure, with an element 𝑓 of type 𝑋 for each 𝑓 ∈M (𝑋 )
, and a

binary relation 𝑅𝜋 = {(𝑓 , 𝑓 𝜋 ) | 𝑓 ∈M (𝑋 ) } for each 𝜋 : 𝑋 → 𝑌 .

Definition 5.3. The polymorphism minion Pol(A,B) of a promise

template A,B is the minion M with M (𝑋 ) = {𝑓 : A𝑋 → B}
where 𝜋M

is defined by 𝑓 𝜋𝑡 (𝑥) = 𝑓𝑡 (𝑥 ◦ 𝜋) for all types 𝑡 , 𝑥 ∈ 𝑋𝑁𝑡 ,

and 𝜋 : 𝑁 → 𝑁 ′. Elements of M (𝑋 )
are called polymorphisms of

arity 𝑋 .

The characterisation of the arc-consistency reduction uses min-

ion homomorphisms together with the following transformation

on minions.

Definition 5.4. Let M be an abstract minion; we define a minion

𝜔 (M ) as follows:
𝜔 (M ) (𝑋 ) = {(𝑌, 𝑓 ) | 𝑌 ⊆ 𝑋, 𝑓 ∈M (𝑌 ) }

The minor-taking operation for 𝜋 : 𝑋 → 𝑌 , is defined by (𝑍, 𝑓 )𝜋 =

(𝜋 (𝑍 ), 𝑓 𝜋 |𝑍 ) where 𝜋 (𝑍 ) = {𝜋 (𝑥) | 𝑥 ∈ 𝑍 }.
Intuitively, we interpret the construction above as ‘remembering’

for each element of M on which coordinates it depends. This

influences the definition of the minor by taking into account the

following argument: if 𝑔 only depends on coordinates in 𝑌 then

𝑔𝜋 only depends on coordinates in 𝜋 (𝑌 ). The algebraic intuition
behind 𝜔 (M ) is that this minion is constructed in such a way that

it satisfies precisely balanced minor conditions (i.e., sets of identities
of the form 𝑓 𝜋 = 𝑔 where 𝜋 is surjective) satisfied in M .

We note that 𝜔 (Pol(⊥)) is isomorphic to the polymorphism

minion of Horn-3SAT; see [7, Example 4.2]. This is related to the

fact that arc-consistency test is characterised via gadget reductions

to Horn-3SAT [7, Theorem 7.4].

Finally, we can formulate the characterisation of arc-consistency

reduction. The proof relies on Theorem 2.4 and its proof [7, Section

3]; the novel ingredient is a connection between 𝜔 and the arc-

consistency enforcement (see [25, Lemma C.1]).

Theorem 5.5. Let A,A′ and B,B′ be two promise templates. Then
PCSP(A,A′) ≤AC PCSP(B,B′) if and only if there is a minion ho-
momorphism 𝜔 (Pol(B,B′)) → Pol(A,A′).

6 CONCLUSION
In the present paper, we introduced a general framework of well-

structured polynomial-time computable reductions between (pro-

mise) CSPs. We see this theory as a foundational work for further

study of the complexity of CSPs and promise CSPs. Apart from the

obvious future goal of characterising Datalog
∪
reductions by the

means of some mathematical invariants of the problems considered,

we enclose a few concrete interesting research directions for future

work.

Hierarchies of polynomial time algorithms. The following two ques-

tions, which have been resolved for non-promise CSPs, remain

open for promise CSPs: (1) a characterisation of promise CSPs of

bounded width, and (2) a characterisation of promise CSPs solvable

by some level of the Sherali–Adams hierarchy. Both of these classes

of problems can be described as a 𝑘-consistency hierarchy associ-

ated to some problem, and hence it is plausible that our approach

might be useful here.

For example, we have observed that CSP(G) is not solved by

any level of the Sherali–Adams hierarchy for any non-trivial group

G, and hence no promise CSP that allows a Datalog
∪
reduction

from one of these problems can be solved by some level of the

Sherali–Adams hierarchy. Is the converse true, i.e., is PCSP(A,B)
solved by some level of the Sherali–Adams hierarchy if and only if

CSP(G) ̸≤DL PCSP(A,B) for all non-trivial groups G?

Fragments of Datalog∪ reductions. We have aimed to define a class

of reductions that is as expressive as possible while remaining

polynomial-time computable. Nevertheless, there are fragments of

our reductions that are worth studying for several reasons. Natu-

rally, it is useful if this fragment is expressive enough to be able

to emulate gadget reductions, and that it composes similarly to

Datalog
∪
reductions.

For example, we could use a log-space computable fragment

of Datalog, called symmetric Datalog, which has been introduced

by Egri, Larose, and Tesson [28], and is able to express reflexive

symmetric transitive closure which is the essential part of proving

that gadget reductions are expressible as Datalog
∪
reductions. In

view of the discussion in Kazda [36, Section 8], these symmetric
Datalog∪ reductions could be a good approximation for all log-space

reductions between (promise) CSPs.

Descriptive complexity of CSPs. We mentioned some results on

the descriptive complexity of CSPs in passing: Atserias, Bulatov,

and Dawar [2] proved that a finite-template CSP is expressible in

the fixed-point logic with counting operators FPC if and only if it

has bounded width, and Holm [33] showed that CSP(Z𝑝 ) is not
expressible in the fixed-point logic with rankmod𝑞 operator FPR𝑞 for
any two distinct primes 𝑝 and 𝑞. We may ask which finite-template

(promise) CSPs are expressible in these logics in general?

It can be verified that if a (promise) CSP is expressible in a logic

that extends Datalog, then all the promise CSPs that reduce to it

via a Datalog
∪
reduction are as well. For example, all the CSPs

solvable by some level of the Z2-affine 𝑘-consistency relaxation are

expressible in FPR2. Is the converse true? Could the converse be

true in the scope of promise CSPs? Naturally, we can ask the same

questions for any prime in place of 2.
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